
1

G. AhmadiME 639-Turbulence G. AhmadiME 639-Turbulence

G. AhmadiME 639-Turbulence G. AhmadiME 639-Turbulence

Outline
 Viscous Flow
 Turbulence
 Mixing Length Models
 One-Equation Models
 Two-Equation Models
 Stress Transport Models
 Rate-Dependent Models
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Navier- Stokes
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Reynolds Equation
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Local Equilibrium
Production = Dissipation

Mixing length 
Hypothesis

Short Comings of Mixing Length

 Eddy viscosity vanishes when velocity 
gradient is zero

 Lack of transport of turbulence scales
 Estimating the mixing length
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Modeled k-equation
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K-equation
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Short Comings of One-Equation Models
 Lack of transport of turbulence length scale
 Estimating the length scale
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k- Model
G. AhmadiME 639-Turbulence

Algebraic 
Stress Model
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Algebraic 
Stress Model
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 Eddy viscosity assumption
 Isotropic eddy viscosity
 Negligible convection and diffusion 

of turbulent shear stress
 Absence of normal stress effects 

k~uu ji 

G. AhmadiME 639-Turbulence

k

i
kki

k
ki

k

kk

i
2

ik

i
k

i

x
Uu)uu(

x
uu

x

xx
u

x
p1

x
uU

t
u






























k

i
kki

k
ki

k

kk

i
2

ik

i
k

i

x
Uu)uu(

x
uu

x

xx
u

x
p1

x
uU

t
u






























Fluctuation Velocity

G. AhmadiME 639-Turbulence

  

 

    

Diffusion

ji
k

ikjjkikji
k

strainessurePr

i

j

j

i

nDissipatio

k

j

k

i

oductionPr

k

i
kj

k

j
ki

Convection

ji
k

k

]uu
x

)uu('puuu[
x

)
x
u

x
u('p

x
u

x
u2

]
x
Uuu

x
U

uu[uu)
x

U
t

(


















































  

 

    

Diffusion

ji
k

ikjjkikji
k

strainessurePr

i

j

j

i

nDissipatio

k

j

k

i

oductionPr

k

i
kj

k

j
ki

Convection

ji
k

k

]uu
x

)uu('puuu[
x

)
x
u

x
u('p

x
u

x
u2

]
x
Uuu

x
U

uu[uu)
x

U
t

(


















































G. AhmadiME 639-Turbulence

Diffusion

)
x
uu

uu
x

uuuu

x
uuuu(kcuuu

l

ji
lk

l

ik
lj

l

ki
liskji















)
x
uu

uu
x

uuuu

x
uuuu(kcuuu

l

ji
lk

l

ik
lj

l

ki
liskji















Dissipation 







 ij
k

j

k

i

3
2

x
u

x
u2 








 ij
k

j

k

i

3
2

x
u

x
u2



9

G. AhmadiME 639-Turbulence




  

  

TermRapid

i

j

j

i
1

l

m
1

m

l

IsotropytoturnRe

i

j

j

i
1

l

m

m

l
11

i

j

j

i

)2(
ji

)2(
ij

1

)1(
ij

)
x
u

x
u()

x
u()

x
U(2

)
x
u

x
u()

x
u

x
u()(Gd)

x
u

x
u('p












































 
x

xx,x 


  

  

TermRapid

i

j

j

i
1

l

m
1

m

l

IsotropytoturnRe

i

j

j

i
1

l

m

m

l
11

i

j

j

i

)2(
ji

)2(
ij

1

)1(
ij

)
x
u

x
u()

x
u()

x
U(2

)
x
u

x
u()

x
u

x
u()(Gd)

x
u

x
u('p












































 
x

xx,x

Pressure-Strain

G. AhmadiME 639-Turbulence

)k
3
2uu)(

k
(c ijji1

)1(
ij 

 )k
3
2uu)(

k
(c ijji1

)1(
ij 



)P
3
2P( ijij

)2(
ji

)2(
ij  )P

3
2P( ijij

)2(
ji

)2(
ij 

)
x
U

uu
x
U

uu(P
k

i
ki

k

j
kiij 





 )

x
U

uu
x
U

uu(P
k

i
ki

k

j
kiij 







Return to Isotropy

Rapid Term

Production

G. AhmadiME 639-Turbulence

  

  

    

Diffusion

l

ji
lk

l

ik
lj

l

kj
li

k
s

effectsWall

)w(
ji

)w(
ij

strainessurePr

)2(
ji

)2(
ijijji1

nDissipatio

ij

oductionPr

k

j
ki

k

i
kj

Convection

ji
k

k

]}
x
uu

uu
x

uuuu
x
uu

uu[k{
x

c

)()()k
3
2uu(

k
c

3
2]

x
U

uu
x
Uuu[uu)

x
U

t
(










































  

  

    

Diffusion

l

ji
lk

l

ik
lj

l

kj
li

k
s

effectsWall

)w(
ji

)w(
ij

strainessurePr

)2(
ji

)2(
ijijji1

nDissipatio

ij

oductionPr

k

j
ki

k

i
kj

Convection

ji
k

k

]}
x
uu

uu
x

uuuu
x
uu

uu[k{
x

c

)()()k
3
2uu(

k
c

3
2]

x
U

uu
x
Uuu[uu)

x
U

t
(










































G. AhmadiME 639-Turbulence



    

nDestructio

2

2

Generation

k

i
ki1

Diffusion

i
ik

k

Convection

k
k

k
c

x
Uuu

k
c

)
x

uuk(
x

c)
x

U
t

(





























    

nDestructio

2

2

Generation

k

i
ki1

Diffusion

i
ik

k

Convection

k
k

k
c

x
Uuu

k
c

)
x

uuk(
x

c)
x

U
t

(



























Dissipation



10

G. AhmadiME 639-Turbulence

ji
ji

i
j

j uu
xx

P1U)
x

U
t

( 

















ji
ji

i
j

j uu
xx

P1U)
x

U
t

( 

















0



i

i

x
U

0



i

i

x
U

 ,P,uu,U jii  ,P,uu,U jii

Mass

Reynolds 

11 Unknowns for 
11 Equations

G. AhmadiME 639-Turbulence

Gibson and 
Rodi (1981)

G. AhmadiME 639-Turbulence
Mean Velocity and Turbulence Shear Stress

G. AhmadiME 639-Turbulence
Turbulence Intensity



11

G. AhmadiME 639-Turbulence

Stress Transport Model

k-Equation

  

    

nDissipatio

ij

StrainessurePr

ijijijji1

oductionPr

k

i
kj

k

j
ki

Diffusion

m
mk

k
sji

3
2)P

3
2P()k

3
2uu(

k
c

x
Uuu

x
U

uu)juiu
x

uuk(
x

cuu
dt
d























  

    

nDissipatio

ij

StrainessurePr

ijijijji1

oductionPr

k

i
kj

k

j
ki

Diffusion

m
mk

k
sji

3
2)P

3
2P()k

3
2uu(

k
c

x
Uuu

x
U

uu)juiu
x

uuk(
x

cuu
dt
d

























nDissipatio

oductionPr

m

k
mk

Diffusion

m
mk

k
s x

Uuu)
x
kuuk(

x
c

dt
dk












  


nDissipatio

oductionPr

m

k
mk

Diffusion

m
mk

k
s x

Uuu)
x
kuuk(

x
c

dt
dk












  

G. AhmadiME 639-Turbulence

)P(
k
uu

)D
dt
dk(

k
uu

Duu
dt
d jiji

ijji 





 )P(
k
uu

)D
dt
dk(

k
uu

Duu
dt
d jiji

ijji 







Rodi’s Assumption 

)uu
x

uuk(
x

D ji
l

lk
k

ij 






 )uu
x

uuk(
x

D ji
l

lk
k

ij 








k

i
kj

k

j
kiij x

Uuu
x
U

uuP







k

i
kj

k

j
kiij x

Uuu
x
U

uuP








)
x
kuuk(

x
D

l
lk

k 





 )
x
kuuk(

x
D

l
lk

k 







l

k
lk x

UuuP



l

k
lk x

UuuP



G. AhmadiME 639-Turbulence































)1P(

c
11

P
3
2P

c
1

3
2kuu

1

ij
ij

1
ijji































)1P(

c
11

P
3
2P

c
1

3
2kuu

1

ij
ij

1
ijji


 

2

T
kc


 

2

T
kc 2

1

1

1 )]1P(
c
11[

)]P1(
c
11[

c
)1(

3
2c












2

1

1

1 )]1P(
c
11[

)]P1(
c
11[

c
)1(

3
2c












Simple Shear Flow
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 Available models can predict the mean
flow properties with reasonable accuracy.

 First-order modeling is reasonable when
turbulence has a single length and velocity
scale.

 The k- model gives reasonable results
when a scalar eddy viscosity is sufficient.

 The stress transport models have the
potential to be most accurate.
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 Adjustments of coefficients are needed.
 The derivation of the models are arbitrary.
 There is no systematic method for 

improving a model when it loses its 
accuracy.

 Models for complicated turbulent flows are 
not available.

 Realizability and other fundamental 
principles are sometimes violated.
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