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Outline

» Expansion of a function

» Orthonormal set

» Expansion of a random function

» K-L Expansion for periodic and non-
periodic functions

» Response of linear system

» K-L expansion for Brownian motion

ME 639-Turbulence G. Ahmadi

Karhunen-Loays Expansion ¢eeiser

Let ¢, (t) be an orthonormal set

L XO-2e0,0)
|cn - j;x(t)cpn(t)dt\

J, @2 0o, ()t =5,
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Th@@{f@m Clarkson

In the expansion, the coefficients c,
become uncorrelated (orthogonal)
random variables if and only if ¢ (t) are
the eigen-functions of the following
Fredholm’s integral equation:

.[oT Rt b, Jo, (t,) = 2,0, (t,)
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|E{‘Cn‘2 }: xn\ Efe,c }= E{cn\z}Snm

K-L Expansion converges in mean-square sense:

E{X(t)—znzcn(pn(t)T} _o
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Autocorrelation

Rxx (tl't2)= anq)n (tl)(P; (tz)

|Rxx(t,t)=zn‘,7»n\¢n\2\
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Stationary and Periodic Processes

Stationary | I[

Rxx = Rxx(tl _t2)
Periodiclﬂﬂ:>|(pn(t)—%ein%t\ |0)0 = ZT_n\
x(’t)=i2:1%ei”‘°"t |E%‘Cn‘2 §= Xn\
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Correlation and Spectrum

Correlation |HD:> R, (t17 t, ) — % i A, pineo(ti-tz)

spectrum | 1= g () = % i A, 8(0—nw,)
K250,
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Karhunen-Lozys Expansion Ceekser

Stationary Non-Periodic Processes

Expansion

n(e) = White Noise |I=) [ E{n(o, )n(e, )} = 8(o, -, )

Correlation |uu:> R )= rwe“"’(‘f“)s(m)dco
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(tl _tz

Karhunen-Lozys Expansion Ceekser

Response of a Linear System

Linear System | 10— > LtX(t) = n(t)
n(®) = White Noise | |R,, (t,,t,)=21S,8(t, —t,)
Response | 10> | X(t) = jot h(t—1)n(t)dt
Impulse Response | [0 > L,h(t)=8(t)
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Karhunen-Logye Expansion ks
LR, (t,t;) =L, [ h(t- E{n(c)X(t, ide
LR (18,) = EM(OX(t,)] = 275,n(t, 1)

.LT R« (t' L )(P(tz )dt2 = K(p('[)
IOTznsoh(t2 —t)o(t, )dt, = AL,4(t)
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Karhunen-Loava Epansion= clarkg,on
Elgenfuncidions

AL L,o(t) j 21S,8(t, —t)(t, )dt,

2
= ZTESO(P(t)
90" (0)=0
. IizO,l,...,N—ll
(P(I)(t)|t=T: 0
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Karhunai-Logys Expansion Ferksen

Concluding Remarks

» Expansion of a function

» Orthonormal set

» Expansion of a random function

» K-L Expansion for periodic and non-
periodic functions

» Response of linear system

» K-L expansion for Brownian motion
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Karhunan-Losys Expansion Ceses

Thank youl

Questions?
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