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Fokker-Plancl Equation cesiser

Ito’s Equation dX
dt

=g(x,t)+G-n

dX = g(x,t)dt + G(x,t)-dwW

with E{ni(t+z-)nj(t)}: 2Dij5(f)

|E3dwidwj F:ZDijdtl
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The joint density function f, (x,t), with X(t)
being solution to Ito’s equation, satisfies the
Fokker-Planck (Smoluchowski) equation
given as :
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Starting with f(x,t)= E{5(x(t)-x)}

Taking time derivative and keeping terms up
to first order in dt (second order in dW),

of d
e dt = F E{5(X —x)}dt

- E{Zj:ai[ﬁ(X—X)]dX,- +222deidxj}

i [

Using ‘Idxj = gj(x,t)dtJer:ijdel
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%dt - E{fzg[é‘(x—x(gj(x,t)dtJrzk:ijdeﬂ
{gi(x,t)dt+;Gidek][gjdt+Z,Gj/dwlj:|}

+*ZZ

i axlax {

Noting that dW, is independent of X(t), and
E{dw,dw, }=2D,dt it follows that

Trzeen)
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Momests of Folier-Plich Equatin s

Given Ito’s Equation

dw,
(t)=—"8
n(t)=",

IE{ni(t)}= OI IE!ni(tl)nj(g);: 2D, 8(t, —tz)l

Fokker-Planck Equation
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Momess o FoliePlich Equatin it

Expected value of h(X) is given as
)=[7f )16x,

Taking Time Rate of Change
[y LY
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Moments o Foldia-Planck Equabion stse

Eliminating of/et,

Integrating by parts leads to the general
moment equation:

d ZE{ oh xt}+ZZE{(G '), axaar; }
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axizz k(k—l)Xk z

General Moment Equation

m, = kE{X g+ DEG2X "2 k(k —1)

Or

m, =—k(m, +am,,)+ Dk(k =1)m,_,

Exarmmple-lst Order Clarkson
NoenlLinezr Equation

Find moment equation corresponding to

= xO:axOlnt)] [Feo-z000]
=

1t Order System X =g(X.t)+G(X,th(t)

HHE> %E{h(x {ah g} DE{GZS)?Z}
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Exampla-ilst Order Clarkson
NonlLinear Equation

k=1 |m, = _(ml(t)+ am, (t))
k=2 [, =-2(m,(t)+am,(t))+ 2D
k=3 T, = —3(m,(t)+am,(t))+6Dm,

A closure assumption is now needed, e.g.,

{ma =a,+am + azmz} Coefficients may be estimated by
m, =b, +bm +b;m, )} minimizing mean-square error
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NonlLinear Equation "

[ —E{X°-a,-a,X -a,X?J
—Efx*- b ~b,X —b,X?f
aa ab

Alternative closure scheme { M = 02}
assumes X(t) is quasi-Gaussian Hq =34,

Hz = E{(X _ml)s}: m; —m;m, —2m;
u, = E{(X —ml)“}= m, —4m,m, + 6m’m, — 3m;
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Folcker-Plancl Equation Cersen
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