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Ito’s EquationIto’s Equation

.

withwith

( ) nGxgX
⋅+= t

dt
d ,

( ) ( ) WxGxgX dtdttd ⋅+= ,,

( ) ( ){ } ( )τδτ ijji DtntnE 2=+

{ } dtDdWdWE ijji 2=

G. AhmadiME 529 - Stochastics

The joint density function The joint density function ffXX(x,t(x,t), with ), with X(tX(t) ) 
being solution to Ito’s equation, satisfies the being solution to Ito’s equation, satisfies the 
FokkerFokker--Planck (Planck (SmoluchowskiSmoluchowski) equation ) equation 
given as :given as :
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Starting withStarting with

Taking time derivative and keeping terms up Taking time derivative and keeping terms up 
to first order in to first order in dtdt (second order in (second order in dWdW),),
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Noting that Noting that dWdWkk is independent of is independent of X(tX(t), and ), and 
it follows thatit follows that
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Given Ito’s EquationGiven Ito’s Equation

.

( ) ( )∑+=
j

i
iji

i

dt
dW

tGtg
dt

dX
,, xx ( )

dt
dW

tn i
i =

( ){ } 0=tnE i ( ) ( ){ } ( )2121 2 ttDtntnE ijji −= δ

( )[ ] ( )[ ]∑∑∑ ⋅
∂∂
∂

+
∂
∂

−=
∂
∂

i j
ij

T

jii
i

i

fGDG
xx

ftg
xt

f 2

,x

FokkerFokker--Planck EquationPlanck Equation
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Expected value of Expected value of h(Xh(X)) is given as is given as 
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Eliminating Eliminating ∂∂f/f/∂∂tt,,

.

Integrating by parts leads to the general Integrating by parts leads to the general 
moment equation:moment equation:
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Find moment equation corresponding toFind moment equation corresponding to
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A closure assumption is now needed, e.g.,A closure assumption is now needed, e.g.,
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.

Alternative closure scheme Alternative closure scheme 
assumes assumes X(tX(t) is quasi) is quasi--GaussianGaussian
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