Markov Processes

Definition: A stochastic process X (t) is called a Markov process if for every n and for
any t, <t, <...<t,, its conditional probability satisfies

P{X(t,) < X, | X (t 0 ) X (5 e X (&)} = PIX(E, ) < %, | X (2,4 )}
In other words

P{X(t,)<x, | X(t) forallt<t,,}=P{X(t,)<x, | X(t,_)}
Properties:

i) If X(t) is a Markov process, then it is also Markov in reverse. That is,
P{X(t,)< x| X(t) for all t >t, } = P{X(t,) < x, | X(t,)}.

i) For a Markov process, the future is independent of the past under the given
condition of present.

iii) If forany t, <t,, X(t,)— X(t,) be independent of X(t) for t<t,, then X(t) isa
Markov process. Thus, independent increment processes (such as Poisson and
Wiener-Levy processes) are Markov processes.

iv) If X(t) is a Markov process, then E{X(t,)| X (t,, )., X(t, )} = E{X(t,)| X(t,_,)}.

V) A Markov process X (t) is always associated with a first-order equation

d—x—ﬂ(x,t): j(t), with j(t):‘M or j(t)dt =dw ,

dt dt

where W(t) is an independent increment process (i.e. j(t,), j(t,), ..., jt,) are

independent random variables forany t,, t,,..., t, and any n).
The solution to the first-order equation is formally given as

X(t)= X(to)—i-J:) B(X (T),T)dr—i-J: j(r)dz.

Thus X(t,) is uniquely determined from X(t,) and j(t) with t, <t<t,. X(t,)
depends on j(t) for t <t, and hence is independent of j(t) for t >t,. Thus, given
X (t,) the past of the process X (t) (i.e. X(t) for t <t,) has no effect on the future of
X(t) (i.e. for t > t,). Thatis, X(t) is a Markov process.

vi) A continuous random process X(t) is said to Markovian if its conditional
probability density satisfies the relation

f o (Xt [ X0t X0, 6%t ) = Fo (XLt [ Xt ) forany t, <t, <..<t,.



vii) The following relationships hold for a Markov process:
a. Fo (Xt %t Xat) = Fu (Xg ot | X0t ) Fy (X5, 1, | X0t ) Fy (X041,
b f (Xt Xt )= Fo (Xt | Xyt ) Ty (%ot | X0t ) Ty (X01,),
where f, (x,,t, |, .t ) is called the transition probability density.
c. If X(0)=x,,then f,(x.t)= f,(x,t]x,.0).

Thus, a Markov process X(t) is fully specified in any of the following three
equivalent ways:

i) Given the first-order density and the transition probability density.
ii) Given the second-order density f,(x,,t,;;X,,t,).
iii) Given the transition probability density and X (0).

The Chapman-Kolmogorov-Smoluchowski Equation

For any continuous random process
POt xt)= [ (0t 1t Jo
= J‘j:f (X:t | X115 % 'to)f (X11t1 | %o vto)dx1
For a Markov process
f(X,t | X1t Xo’to): f(X,t | Xl’tl)'

Thus,

f(X,t | X01t0)= J.j:f(x’t | Xl'tl)f(xl7tl | XOvto)dxl '

This integral equation for the transition probability density of a Markov process is called
the Chapman-Kolmogorov-Smoluchowski equation.

Fokker-Planck Equation

It may be shown that the transition probability density must satisfy the following
(forward) Fokker-Planck equation
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E = —&[al(x,t)f ]‘*‘Ey[an(xyt)f ]

Here o, and «,, are the incremental moments defined as

o, (%, 1) = lim - E4dX (t) X (t) = x).

dt—0 dt

o (1) = lim = Efax (O | X ()= x}.

dt—0 dt
The Kolmogorov (Backward) equation is given as

2
ﬁ.._al(xmto)af _|_0‘11(X01t0)a Z ~0
ot ox, 2 o

Note that
f=f(Xt]%t,).

Example: Determine the Fokker-Planck equation for the Wiener-Levy process and find
the transition probability density function.

Recalling that

EW(t) =0, EW?(@)j=20t, RWW(tl,tz)z{

2Dt, t, ztl}

2Dt, t, >t,
and
EW(t,)-W(t,)}=0, E{W(tz)—w(tl)]z}: 2D(t, —t,) for t, >t,.

Let

t,=t+dt, t, =t, dW =W (t+dt)-W(t)
Thus

E{dw}=0, E{dw )’ }=2Ddt
Now



_||miE{dW|W}

dt—0 dt

= ||miE{(dW) W }=2D.

dt—0 dt
The corresponding Fokker-Planck equation then becomes

of 0 1 0° 0% f
& w g f)= 0o

Using w for Wiener process instead of x, it follows that

2
o _ ot

ot oW ? "

For f(w,t,|w,.t )=5(w-w,), the solution becomes

Fokker-Planck Equation for a Vector Markov Process

The transition probability density function of a vector Markov process X(t)
satisfies the following Fokker-Planck equation:

_:_Z—[a x|+ ) et

8x 6x

The incremental moments «; and «; are given as

o, = lim = Elax (1) X(t) = ],

dt—0 (It

= lim = EfaX, (t)X ,(t)] X(t) = ).

dt—0 d



Fokker-Planck Equation for Ito’s Equation

Consider Ito’s equation

((j:i>t< 9(X,t)+ G(x,t)-n(t)
%:gi(x,mze”(x,t)ﬂj(t)

dX = g(X,t)dt + G(X,t)-dW .

Here, n and W are vector white noise and Wiener process with
E{n,}=E{dw,}=0
Ein(t+7)n,(t);=2D;5(z), E{dW,dw, }=2D,dt.

The incremental moments are then given as

a _IlmiE{dX | X =x}=g,(xt),

dt—0 It

a, = lim = E{dX,dX | X =),

dt—0 d
dX,dX; =g,9,(dt)" + g, > G, dw,dt
k

+gjzkleikdwkdt+Zk‘z”:eikej(dwkdw,f '

Then
-2 36,G,D, =2(G-D-G"),
k Y4

The Fokker-Planck equation then becomes

:_Zﬁ[gj(x,t)f]Jr i

62X. (G-D.G7),f].



Example
Consider a first order system

% =g(x,t)+ G(x,t)({j—vtv. E{(dw )? = 2Dt

The Fokker-Planck equation is given by

of o i
E o (gf )+ D@X—Z(sz).

ot ox

For stationary solution we find,

i{—gf +Ddi(ezf)}:o,

dx X
d
-of +D—(G°f)=c, =0,
g dX( ) 1
Let
G’f=F,
pdF_ 9
dx G?
d—F: g dx,
F DG*?
x g(xl)
F =Cexp+ dx, ¢,
p{ 0 DG?(x,) }
and finally




