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Markov Processes

Important Properties
Chapman-Kolmogorov-Equation
Fokker-Planck Equation
Fokker-Planck Equation for Vector
Markov Processes

Fokker-Planck Equation for Ito’s
Equation
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Markoy Procasses S

A stochastic process X(t) is called a Markov
process if foreverynandany t, <t,<...<t,,
its conditional probability satisfies the
following condition

PIX (t) < X, | Xt o) X (6, - (t,.))

or
P{X(t,)<x, | X(t) forallt<t, ,}=P{X(t,)<x,|X(t,,)}
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Imporitant Properties Ceesen

i) X(t)is also Markov in reverse:
P{X(t,)< x| X(t) for all t>t,} = P{X(t,)< x, | X(t,)}

ii) The future is independent of the past under
the given condition of the present.

iii) If for any t, <t,, X(t,) — X(t,) is independent of
X(t) for t<t;, the X(t) is a Markov process.
Thus, independent increment processes
(Poisson, Wiener-Levy) are Markov processes.

ME 529 - Stochastics G. Ahmadi




Important Properties Sk

V) E{X )X () X ()= E{X ()T X ()}
v) X(t) is associated with a 1% order equation,

X px0=10  i0)-5

with solution X (t)= X(to)+_|:)ﬁ(x (z)z)dz+ _‘: i(z)dz

vi) Conditional probability density satisfies
f (X t, |an n-11 X21t2;X1't1):f (X t, |Xn1 n—l)
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Important Properties Sk

vi) The following relation holds
fx(x ,t 3 X5 ,t 1 X3 vt ): fx (Xarts | sztz)fx (ertz |X11t1)fx (Xutl)

f (Xl tl X t ) f (Xn'tn | anl'tnfl)"'fx (XZ'tZ I Xl’tl)fx (Xl’tl)

If X(0)=x, then fx0u.t)= 0 .t1%.0)
A Markov Process is fully specified if:
a) Given 1%t order density and transition
probability density;
b) 2"d order density;
¢) Transition density and X(0)
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Chapman=1elinogorov= Clarkson
Smoluchowskd Equation "

For Continuous Random Process

FOutD,to) = [ (6t 1. )b
= [ RO k) T 06t 1%t )i,

For Markov Processes

FOGEIX b % b ) = F(X,E] %, t)

IR Gt Xg,t) = [ F (0 108 Pt 14, e
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Fokker-Planci: Equation ¢ertsen

0 1 02
—&[al(xat)fhzax—z

[an(x’t)f]

aufi) = im 2 (001 X0 = 0 )= i = Efox OF 1 X 0=

Kolmogorov Equation
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Example: Wisnar-Lavy Procegs “eisen
Recall l‘—lnN—| SRR

2Dt, t, >t,

Erever=o] [Ewe)-wer =206 o] [t
Let Itzzt+dt| Itlztl IdW:W(t+dt)—W(t)I
||-m IE!(dW)2 F=2Ddt|

1 1
e e = lim —E{dw (W} =0 an:!llm]aE{(dW)ﬂW} 2D
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Example: Wisnar-Layy Progess Cirteen

Corresponding Fokker-Planck Equation
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Fokker-Planck Equation  cClarkson
For Vector-jilurkoy Process

a, _mle@x(MX

dt—0 dt

i (O1X(t) =
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Ito’s Equation %( —g(X,)+G(xt)-nM)| or

B gl

X1+ Y6, (xtn, O] FdX =g(X t)dt+G(X,t)-dw

dt

Here n and W being vector white noise and
Wiener processes with

E{n,}=E{dW,}=0| FEn(t+7)n,(t);=2D,;5(r)

E{dW,dW, {= 2D, dt
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Foldker-Planck Equation ¢eesen

Fokker-Planck Equation for Ito’s Equation

1 1
aj=!‘|LT?)EE{dX].|X=X}=gj(X,t) aij=!‘|rj})aE{dXide|X=x}

dXdX; = g;0,(dt)* + 9, > G, dW,dt+ g, > G, dW,dt+ > > G, G, dw,dw,
K k k ¢
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Bxample: 15t Order Sysem Giessen
Consider dx IR m

Fokker-Planck % __0 (gf)+D ai 1)

Stationary i|i,gf +Di (62 f =ofl-of tD— d (G?f)=c,=0
|dx dx dx
Let dF

F= Cexp{ j
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Concluding Remarks

Markov Processes

Important Properties
Chapman-Kolmogorov-Equation
Fokker-Planck Equation
Fokker-Planck Equation for Vector
Markov Processes

Fokker-Planck Equation for Ito’s
Equation
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