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Correlation and Power Spectrum of Stationary Processes 
 
Definition: Autocorrelation of a stationary process ( )tX  is defined as 
 
 ( ) ( ) ( ){ }tXtXER ττ += . 
 
For real processes, ( )τR  is an even function. i.e., 
 
 ( ) ( )ττ −= RR . 
 
Definition: Autocovariance of a WSS process ( )tX  is defined as 
 
 ( ) ( )( ) ( )( ){ } ( ) 2ητητητ −=−+−= RtXtXEC , 
 
where 
 
 ( ){ }tXE=η . 
 
Definition: Cross-Correlation of two jointly WSS processes ( )tX  and ( )tY  is defined as 
 
 ( ) ( ) ( ){ } ( )τττ −=+= YXXY RtYtXER , 
 
and their cross-covariance is given as 
 
 ( ) ( ) ( )τηηττ −=−= YXYXXYXY CRC . 
 
If ( ) ( ) ( )tbYtaXtZ +=  and ( )tX  and ( )tY  are jointly WSS, then 
 
 ( ) ( ) ( ) ( )( ) ( )τττττ YYYXXYXXZZ RbRRabRaR 22 +++= . 
 
 
Properties of Correlations 
 

i) ( ) 00 ≥R . 
ii) ( ) ( )0RR ≤τ . 
iii) ( )τR  is positive-definite. i.e., ( ) 0* ≥−∑∑

i j
jiji Raa ττ  

 
Proof: 

 
 ( ) ( )( ){ } 00 2 ≥= tXER . 
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Noting that  
 
 ( ) ( )[ ]{ } ( ) ( )[ ] 0022 ≥±=±+ ττ RRtXtXE ,  
 

it follows that ( ) ( )0RR ≤τ . 
 
The third property follows form the following identity, 
 

 ( ) ( ) ( ) ( ) 0***
2

≥−=
⎭
⎬
⎫

⎩
⎨
⎧

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∑∑∑ ∑∑
i j

jiji
i j

jjii
i

ii ttRaatXatXaEtXaE . 

 
Properties of Cross-Correlation 
 

i) ( ) ( ) ( )002
YYXXXY RRR ≤τ . 

ii) ( ) ( ) ( )002 YYXXXY RRR +≤τ . 
 

The first property may be proved from the non-negativity of ( ) ( )[ ]{ }2taYtXE ++τ  and 
the second follows from the geometric inequality. 
 
 
Power Spectrum 
 
Definition: The power spectrum (spectral density) of a WSS process ( )tX  is defined as 

 

 ( ) ( )∫
+∞

∞−

−= ττω ω dReS ti . 

 
The Fourier inverse transform implies that 

 

 ( ) ( )∫
∞+

∞−

−= ωω
π

τ ωτ dSeR i

2
1 . 

 
Since ( ) ( )ττ −= RR  is an even function, ( )ωS  is also an even function of w , i.e. 
( ) ( )ωω −= SS . Furthermore, 

 

 ( ) ( ) ( )∫∫
∞+∞

∞−
==

0
2 τωτττωττω dcosRdcosRS , 

 

 ( ) ( ) ( )∫∫
∞∞+

∞−
==

0

1
2
1 ωωτω

π
ωωτω

π
τ dcosSdcosSR . 

 
The variance of X  is given as (with 0=Xη ) 
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 ( ) ( ) ( )∫∫
∞∞+

∞−
===

0

2 1
2
10 ωω

π
ωω

π
σ dSdSRX . 

 
 
Cross Spectrum 
 
Definition: The cross spectrum of jointly WSS processes ( )tX  and ( )tY  is defined as 

 

 ( ) ( )∫
+∞

∞−

−= ττω ωτ deRS i
XYXY . 

 
Inversion formula 

 

 ( ) ( )∫
∞+

∞−
= τω

π
τ ωτ deSR i

XYXY 2
1 . 

 
For 0=τ , it follows that 

 

 ( ) ( ) ( ){ } ( )∫
∞+

∞−
== ωω

π
dStYtXER XYXY 2

10 . 

 
 If ( )tX  and ( )tY  are orthogonal processes, then 

 
 ( ) 0=τXYR , 
 
 ( ) 0=ωXYS . 
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( )∫
+

−

−α

α

ωτ ττ dRe i  
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