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Correlation and Power Spectrum of Stationary Processes

Definition: Autocorrelation of a stationary process X (t) is defined as
R(r)= E{X(t+7)X(t)}.

For real processes, R(z) is an even function. i.e.,

Definition: Cross-Correlation of two jointly WSS processes X (t) and Y (t) is defined as

Ry (T) = E{X (t + T)Y(t)} =Ry (_ T)v
and their cross-covariance is given as
Coxy (T) =Ry (T)_nx My =Cyx (_ T)'

If Z(t)=aX(t)+bY(t) and X(t) and Y (t) are jointly WSS, then

Rz (T) =a’Ryy (7)"' ab(RXY (T)"' Ryx (T))"' b*Ryy (T)

Properties of Correlations

i) R(0)>0.
ii) R(z)< R(0).
iii)  R(z) is positive-definite. i.e., ZZaia’;R(ri ~7,)>0

Proof:

R(0)= E{x ()¢ }=0.
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Noting that
E{X(t+7)+X(1)]* | = 2[R0)+R(z)] = 0,
it follows that R(z)< R(0).

The third property follows form the following identity,

E{‘Zaix(ti){} {Zax et )}:Z;aia;R(ti_t,.)zo.

Properties of Cross-Correlation

i) Riv()SR (0)Ry (0).
i) 2R, (r)< Ry (0)+ Ry (0).

The first property may be proved from the non-negativity of E{[X (t+7)+aY (t)]z} and

the second follows from the geometric inequality.

Power Spectrum

Definition: The power spectrum (spectral density) of a WSS process X (t) is defined as
- J-_me_i"’t R(z)dz.

The Fourier inverse transform implies that

R(r)= = ["e ™" S(w)dev .

:27r —o0

Since R(r)=R(~7) is an even function, S(w) is also an even function of w, i.e.
S(w)=S(~ @). Furthermore,

S(w)= J'_:O R(z)cos w7 = 2J' r)cos wrdr,

R(r)zi “s(w )coswzdw——j ®)Cos wdwm .
27 I

The variance of X is given as (with , =0)
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Cross Spectrum

Definition: The cross spectrum of jointly WSS processes X (t) and Y (t) is defined as

Sxy (a)) = _+:RXY (T)eiimdr -
Inversion formula

1

Ryy (T) = 5

[ S (@ dr.

For z =0, it follows that
1 oo
Ry (0) = E{X (t)Y(t)} = E'LO Syy (w)dw .

If X(t) and Y(t) are orthogonal processes, then
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FIG. 1. Comparisons of Simulated and Theoretica! Fluld Autocorrelations

FIG. 2. Comparisons of Simulation end Theoretical Parlicle Autocorrsistion
Funciions with Experimental Data of Sayder and Lumiey
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Fig.3 Varistions of relative maan-square particie velocity with dimen-
sionisss diameter d

Fig. 5 Variation of relative difficulty with & for diflarant Reynolds
number Rel
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