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Poisson Random Variable X(Poisson Random Variable X(ξξ))
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Consider probability experiment of Consider probability experiment of 
placing points at random on a line. placing points at random on a line. 
Let n(tLet n(t11, t, t22) ) –– number of points number of points ∈∈ (t(t11,t,t22);        );         
X(t) = n(0,t) is a Poisson random variable X(t) = n(0,t) is a Poisson random variable 
if if 
i) i) 
ii) If intervals (tii) If intervals (t11,t,t22) & (t) & (t33,t,t44) are non) are non--
overlapping, random variables n(toverlapping, random variables n(t11,t,t22) & ) & 
n(tn(t33,t,t44) are independent.) are independent.
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X(t) is a Poisson process with parameter X(t) is a Poisson process with parameter λλtt
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Noting that (0,tNoting that (0,t11) and (t) and (t11,t,t22) do not overlap,) do not overlap,

oror
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To obtain autocorrelation of X(t), assume tTo obtain autocorrelation of X(t), assume t22 > > 
tt11 and consider and consider ( ) ( ) ( )[ ]{ } ( ) ( ){ } ( ){ }1
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Similarly:Similarly:
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If the points on the line have nonIf the points on the line have non--uniform uniform 
density density λλ(t), (t), λλtt must be replaced by             :must be replaced by             :( )∫
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W(tW(t) ) is ais a Weiner Process (Brownian Motion) Weiner Process (Brownian Motion) 
when:when:

i)i) W(tW(t) ) is ais a normal process with normal process with 

ii)ii)

ii) Independent increment process, i.e. W(tii) Independent increment process, i.e. W(t22) ) --
W(tW(t11) is independent of W(t) is independent of W(t44) ) -- W(tW(t33) if (t) if (t11,t,t22) ) 
and (tand (t33,t,t44) are non) are non--overlappingoverlapping

iii) W(0) = 0 iii) W(0) = 0 
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Statistics of Weiner ProcessesStatistics of Weiner Processes

MeanMean

VarianceVariance

AutocorrelationAutocorrelation
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A White Noise Process is the derivative of a A White Noise Process is the derivative of a 
Weiner Process.  That is,Weiner Process.  That is,
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Numerical Simulation of White Noise ProcessNumerical Simulation of White Noise Process
i)i) For a duration For a duration TT (~ 20 s) select a small time (~ 20 s) select a small time 

step step ∆∆tt (~ 0.01 to 0.05 s) and divide this into (~ 0.01 to 0.05 s) and divide this into 
m = T/m = T/∆∆tt (~ 400 to 2000) subintervals(~ 400 to 2000) subintervals

ii)ii) Generate m+1 zeroGenerate m+1 zero--mean unitmean unit--variance variance 
normally distributed random numbers Gnormally distributed random numbers G11, , 
…, G…, Gm+1m+1. Multiply these by. Multiply these by where Swhere S00 is is 
the constant power spectrum of the white the constant power spectrum of the white 

noise. Evaluatenoise. Evaluate
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iii) The white noise process is then given by          iii) The white noise process is then given by          
,                    ,             ; n varies ,                    ,             ; n varies 

linearly over each subinterval. Here, tlinearly over each subinterval. Here, t00 is a is a 
random variable with uniform density over random variable with uniform density over 
the subinterval (the subinterval (--∆∆t,0).t,0).

( ) igtitn =∆+0 1,...,2,1 += mi ( ) 00 =tn

Transformation Form Pair of Uniform Transformation Form Pair of Uniform 
Random Variable to GaussianRandom Variable to Gaussian

211 U2cosUln2G π−=212 U2sinUln2G π−=
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Sample White Noise Process, Sample White Noise Process, ddpp = 0.05 = 0.05 µµmm
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Sample Absolute Acceleration Responses at Sample Absolute Acceleration Responses at 
Top of Structure for El Centro 1940 QuakeTop of Structure for El Centro 1940 Quake
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If XIf X (t(t11), X), X (t(t22), …, ), …, X(tX(tnn) jointly normal) jointly normal

(1(1stst Order Density)Order Density)

(n(nthth Order Density)Order Density)

(Matrix of Covariance)(Matrix of Covariance)

(Note: Linear Combinations of normal processes are also normal)(Note: Linear Combinations of normal processes are also normal)
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