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Transformation of Several Random Variables 
 
A Function of Several Random Variables 
 

Let Z  be a function of X  and Y . i.e., 
 
 ( ) ( ) ( )[ ]ξξξ YXgZ ,= . 
 
Given the joint density of X  and Y , ( )yxf XY , , we would like to find the density or 
distribution of Z . 
 
Procedure 
 

By definition, 
 
 ( ) ( ){ } ( ){ }zyxgPzZPzFZ ≤=≤= ,ξ . 
 
Let ZD  be the region of the xy-plane such that ( ) zyxg ≤, . Then 
 
 
 ( ) ( ){ } ( )∫∫=∈=

ZD
XYZZ dxdyyxfDYXPzF ,, . 

 
Two Functions of Two Random Variables 
 

Let 
 
  ( )YXgZ ,= , 
 
  ( )YXhW ,= . 
 
Given ( )yxf XY ,  find ( )wzFZW ,  or ( )wzfZW , . 
 
Procedure 
 

By definition 
 
  ( ) { } ( ) ( ){ }wYXhzYXgPwWzZPwzFZW ≤∩≤=≤∩≤= ,,, . 
 
Let zwD  be the region in xy-plane such that 
 
  ( ) zyxg ≤,  and ( ) wyxh ≤, . 
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Then, 
 
  ( ){ } ( )∫∫=∈=

ZWD
XYZWZW dxdyyxfDYXPF ,, . 

 
Definition: Uncorrelated RV 
 
 The random variables iX  are uncorrelated if 
 
  { } { } { }jiji XEXEXXE = , or ( )( ){ } 0=−− jjii XXE ηη , ji ≠  
 
It then follows that 
 
  2222

... ...
211 nn XXXXX σσσσ +++=++ . 

 
Definition: Orthogonal RandomVariables 
 
 The random variables iX  are orthogonal if 
 
  { } 0=ji XXE  for ji ≠ . 
 
Theorem: If the random variables iX  are independent, then they are uncorrelated. 
 
Example: Jointly Normal Random Variables.  
 

Two random variables X  and Y  are jointly normal if 
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where 
 
  { }XE=1η , { }YE=2η , ( ){ }2

1
2
1 ησ −= XE , ( ){ }2

2
2
2 ησ −= YE , 

 
and correlation coefficient is  
 

( )( ){ }
21

21

σσ
ηη −−

=
YXE

r . 

Two random variables X  and Y  are uncorrelated (and independent in this case) if 0=r . 


