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Extremal Distributions

Let X be the largest of n independent random variables, Y,, Y,,...,Y,. Then

Fy (x)=P{Y, <x}=P{, <x{P{Y, <x}..P{Y, <x}=F, (x)F, (x).F, (x). (D)
If Y; are identically distributed, it follows that

Fy ()= (F, ()", (2)
and the corresponding probability density function is given as

fi () =n(F, ()" £, (). ©)

Gumbel proposed several asymptotic distributions for the extreme values of a
random variable. These are described in this section.

i) Type 1: Extremal (Largest) Distribution (Gumbel Distribution)

The distribution of X , the largest of many independent random variables Y (with
an exponential upper tail distribution, F, (y)=1—exp{-h(y)}) is given as

Probability Density

f, (X)= aexpl-a(x—u)—e eV} —ow < x <+,

(4)
Probability Distribution
F (x)= exp{— e‘“(x‘“)}.
()
Parameters u and « are related to mean and variance of X . These are
o, —u+ 0.5;72 C®) 1 _n fx(x)

(7)
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ii) Type 1: Extremal (Smallest) Distribution (Gumbel Dist.)

The density and distribution functions of z, the smallest of many independent

variables (with an exponential type lower tail distribution) are given as

Probability Density

f,(z)=c exp{a(z —u)- e“(z‘”)}

Probability Distribution

F,(z)=1-expl-e“0 v},

Here
0.5772
Hy =U-— ! (10)
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iii) Type 2: Extremal (Largest) Distribution (Weibull)

The density and distribution function of X , the largest of many Y; are given as

Probability Density

with

ME529

—0<Z< 400,
(8)
—0<Z< 400,

1 _“ f2(z) ®©)
u=0.275
a=2.566
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,uxzuf(l—ij, k>1,

el o)

iv) Type 3: Extremal (Smallest) Distribution

Probability Density

Probability Distribution

F, (z):l—exp{— G—:ijk}

with

1y =€+(u—€)1*[1+%j,

ol =(u —ﬁ)z{r(uéj—rz(u%ﬂ .

2>/,
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(14)

(15)

(16)

(17)

(18)

(19)

Simulation of a Random Variable with a Known Distribution

We would like to simulate a random variable Y with a known distribution
function F, (y) Suppose U is a standard uniform random variable with probability

density function

fU(u):{l ogusl}

0 otherwise
It may be shown that
Y = Fvil(U)’

has the desired distribution function, F, (y).
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Examples

i) Exponential

f(y)=2euly), R (y)=2-e?)uly),

(Note 1-U is also uniform)
i) Weibull

L)=apy e uly),  F(y)=b-e (y),

y =(—i|nujﬂ.
a

iii) Gumbel

[

I.F, (y)=expl-e 0¥} Y=u-——n-—

ILF, (y)= exp[ {%Jk]u(y), - In“U 2

. F, (y)=1—exp[—(%}kju(y), Y =u[- In(L-U k.

iv) Gaussian

For Gaussian random variable the procedure is different. It may be shown
that the pair of random variables defined as,

Y, =+/—2InU, cos27U,,

Y, =4-2InU, sin27U,,

are zero mean, unit variance independent Gaussian random variables.
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Proof:

For uniform random variables,

10 1 1 u>1
<u<

fulu)= : Fou)=qu 0<u<l;.

(V) {0 otherwise} o(v) 0 u<o

Consider the transformation

Alternative using the transformation theorem,

Y=FU), f,(y)= IZ fy (U-i (v)

l9'(ui(y))
Now
u=F(y),
and
du = f, (y)dy, 9'= S—ﬁ B le(y)
Thus
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