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Vorticity Transport Equation in terms 
of Stream Function

















 4222

yxxyt

















 4222

yxxyt

 
  






 4

2
2

y,x
,

t
 
  






 4

2
2

y,x
,

t



3

ME 527 G. Ahmadi

y

x

v



V

vr

r

0vz  0vz  ),r(vr ),r(vr  ),r(v  ),r(v 

   ,rzev    ,rzev

θr eev
rr

1







 θr eev
rr

1













r
1vr 



r
1vr r

v



 r
v






ME 527 G. Ahmadi

 2
z  2
z

2

2

2
2

r
1

r
r

rr
1


















 2

2

2
2

r
1

r
r

rr
1

































2

r r
1v

r
v

t














2

r r
1v

r
v

t

Vorticity

Vorticity Transport Equation

ME 527 G. Ahmadi

















 4222

r
1
rrr

1
t

















 4222

r
1
rrr

1
t

 
  





 4

2
2

,r
,

r
1

t
 
  





 4

2
2

,r
,

r
1

t

Stream Function Equation 

ME 527 G. Ahmadi

0v  0v  )z,r(vr )z,r(vr

 





 

 z,r
rθev  






 

 z,r
rθev

zr eev
rr

1
zr

1







 zr eev
rr

1
zr

1









rr
1vz 




rr
1vz 




zr
1vr 




zr
1vr 




r

z
vz V

vr

)z,r(vz )z,r(vz



4

ME 527 G. Ahmadi

Vorticity 















r
v

z
v zr

θevω 















r
v

z
v zr

θevω




























rr

1
r

r
zr

1
2

2

θeω 


























rr

1
r

r
zr

1
2

2

θeω


2E

r
1


2E

r
1

2

2

2

2
2

zrr
1

r
E












 2

2

2

2
2

zrr
1

r
E














ME 527 G. Ahmadi

Vorticity Transport Equation

  .comp
r

zr |
r
v

z
v

r
v

t 
 















θe  .comp
r

zr |
r
v

z
v

r
v

t 
 















θe

      



















 42

2
222 EE

zr
2E

zrr
1E

rzr
1E

t
      




















 42

2
222 EE

zr
2E

zrr
1E

rzr
1E

t

   
  











 42

2

2
2 EE

zr
2

z,r
,E

r
1E

t
   

  










 42

2

2
2 EE

zr
2

z,r
,E

r
1E

t

ME 527 G. Ahmadi













sinrz
sincosry
coscosrx













sinrz
sincosry
coscosrx

r




x

y

z

ME 527 G. Ahmadi













cosrz
sinsinry
cossinrx













cosrz
sinsinry
cossinrx

r



x

y

z



5

ME 527 G. Ahmadi

0v  0v  ),r(vr ),r(vr  ),r(v  ),r(v 

 











 

sinr
,re

v
 












 

sinr
,re

v

θr eev
rsinr

1
sinr
1

2 









 θr eev

rsinr
1

sinr
1

2 

















sinr
1v 2r 





sinr
1v 2r rsinr

1v




 rsinr

1v






Stream Function

ME 527 G. Ahmadi

   
 







 






















4
22

2

2

2
2

Esin
r
1cos

rsinr
E2

,r
,E

sinr
1E

t
   

 







 






















4
22

2

2

2
2

Esin
r
1cos

rsinr
E2

,r
,E

sinr
1E

t












 22

2

22

2
2

r
cot

r
1

r
E












 22

2

22

2
2

r
cot

r
1

r
E

Vorticity Transport Equation

ME 527 G. Ahmadi

z



n
e

s




1hh n1  1hh n1 

 hh2  hh2

1hh s3  1hh s3 














 
1

sn
esn














 
1

sn
esn

Metric Coefficients

ME 527 G. Ahmadi

Stream Function 

  snev
n

1
s

1n,s






















 

  snev
n

1
s

1n,s






















 

s
1vn 





s

1vn 





n
1vs 





n

1vs 







6

ME 527 G. Ahmadi

Vorticity 








































 
2E1

s
1

sn
1

n
evω 







































 
2E1

s
1

sn
1

n
evω






































s

1
sn

1
n

E2 




































s

1
sn

1
n

E2

2

2

2

2
2

z
1E














 2

2

2

2
2

z
1E
















ME 527 G. Ahmadi

Navier-Stokes Equation

y

x













 422

yxxy













 422

yxxy

ME 527 G. Ahmadi

Potential 
Flow

axU  axU 

ayV  ayV 
axy axy

 yxf  yxf

fxu  fxu  fv  fv 
fx  2 fx  2

ViscousF
low

ME 527 G. Ahmadi

Navier-Stokes

Boundary 
Conditions

 4fffff   4fffff 

cffff 2  cffff 2 

0y  0y  0u  0u  0v  0v 
y y axy axy

Integrating



7

ME 527 G. Ahmadi

    00f0f     00f0f 

y y ayf  ayf 

22 affff  22 affff 

Boundary 
Conditions

Navier-Stokes
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Changing 
Variables ya


 ya


   af   af

012    012   

    000     000 

  1 1

Navier-Stokes

Boundary 
Conditions
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0.8
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"
'=u/U



ya




a
4.2 


a

4.2 


99.0

ME 527 G. Ahmadi

● Navier-Stokes Equation for 
Viscous Flows

● Vorticity Transport Equation
● Plane Flows and Stream Function
● Cylindrical Spherical Coordinate 

Systems
● Stagnation Flows


