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Karhunen-Loeve Expansion Sieises

Outline

» Expansion of a function

» Orthonormal set

» Expansion of a random function

» K-L Expansion for periodic and non-
periodic functions

» Response of linear system

» K-L expansion for Brownian motion

ME 639-Turbulence G. Ahmadi

Karhunen-Logve Expansion Sakse

Let @, (t) be an orthonormal set

L KO- T,
c, = [ X(t)o, (t)t
[, 0n (thor, (D)t =3,
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Theorem Clarkson

In the expansion, the coefficients c,
become uncorrelated (orthogonal) random
variables if and only if ¢,(t) are the eigen-
functions of the following Fredholm’s
integral equation:

J.OT R (t1’t2 )(Pn(tz): Aa0, (tl)
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E{‘Cn‘z }: A, Efc,ch )= E{cn|2}8nm

K-L Expansion converges in mean-square sense:

E{X(t)—;cn(pn(t)}z} o
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Autocorrelation

Rxx (tl’tZ): Z}\‘n(pn (tl)(P: (t2)

Rxx(t’t): an‘(pn‘z
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Karhunen-Logve Expansion Sakse

Stationary and Periodic Processes

Stationary | I——> Rxx — Rxx (tl _tz)
Periodic un:> (Pn(t):ieino)ot o =2_n
JT T T
N Cn in® 2
0-% | [Ele =1,
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Karhunen-Loeve Expansion Siekses

Correlation and Spectrum

+00

Correlation ||]u|:> R, (tl’tz):%zkneinmo(h—tz)

—00

Spectrum | > Sxx(m)zéi}\,néi(o)—nmo)
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Stationary Non-Periodic Processes

Expansion nm::>

n(w) = White Noise

X(t)=J._+:e“°‘n(oa S(w)do

E> E{n(ml )n(“)z )} = 8((’31 — C‘)z)

Correlation ||]|]|:> R, (t,~t,)= r‘”e—iw(tz—tl)s(w)dm

Response of a Linear System

Linear System

[ — LtX(t) = n(t)

n(w) = White Noise

Ron (tl’tz): 275808(1;1 _tz)

Response

= X(t)= Iot h(t—)n(t)de

Impulse Response

> | L h(t) = 5(t)
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Karhunen-Loeve Expansion- clarkso

University

Karhunen-Logve Expansion Sakse
LR, (tt,)= LtJ.;h(t—r)E{n(r)X(tz)}dr

LR, (t,t,)=E{n(t)X(t,)} = 2nS,h(t, - t)
[T R, (6, Jolt, it, = ng(t)

LTgnsoh(t2 —t)p(t, )dt, = AL o(t)

Elgenfunctions
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AL L g(t)=

jOT ZnSOS(tz - t)‘b(tz )dtz
= ZTCSO(P(t)

S0

i=01..,N-1

Lt(P(i)(t)lt=T: 0
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Thanik you!

Questiions?
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Concluding Remarks

» Expansion of a function

» Orthonormal set

» Expansion of a random function

» K-L Expansion for periodic and non-

periodic functions
» Response of linear system

» K-L expansion for Brownian motion
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