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Body = Body = CollectionCollection of Material Particlesof Material Particles

X= Material Point = Position of particle at time zeroX= Material Point = Position of particle at time zero

Motion:Motion: x = x(X, t) 

Inverse Motion:Inverse Motion: X=X(x,t)
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Streamlines are curves tangent to the Streamlines are curves tangent to the 
velocity vector fieldvelocity vector field
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The streak line of point  xThe streak line of point  xoo at time t is a line, at time t is a line, 
which is made up of material points, that  have which is made up of material points, that  have 
passed through point xpassed through point xoo at different  times at different  times t≤τ
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Lagrangian Lagrangian 
StrainStrain TensorTensor KLKLKL CE2 δ−=
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Partial Time Partial Time 
DerivativesDerivatives

xt
A

t
A

∂
∂

=
∂
∂

Material Time Material Time 
DerivativesDerivatives

xX t
x

x
A

t
A

t
A

dt
dA i

i ∂
∂

∂
∂

+
∂
∂

=
∂
∂

=

i
ii

i x
dt

dx
t

xv &==
∂
∂

=
x

j

i
j

ii
i x

vv
t

v
dt

dva
∂
∂

+
∂
∂

==

VelocityVelocity

AccelerationAcceleration

ME 639-Turbulence G. Ahmadi

)t,(Xxx = For Fixed XFor Fixed X

)t,(v
dt

dx
i

i x= Path LinePath Line

lldxvdXv)dXx(
dt
d)dx(

dt
d

,kKK,kKK,kk ===

K,,kK,k
k

K
K,k xvv

dt
dx

X
)x(

dt
d

ll==
∂
∂

=

Time DerivativesTime Derivatives

ME 639-Turbulence G. Ahmadi

)vv(
2
1d k,,kk lll += ll dxdxd2)ds(

dt
d

kk
2 =

L,K,kkKLKL xxd2E2C ll
&& ==

lll
&&

,Lk,KKL,Lk,KKLk XXE2XXCd2 ==

IdentitiesIdentities



4

ME 639-Turbulence G. Ahmadi

k,m
)n(

m,m
)n(

km
)n(

k
)1n(

k vAvAA
dt
dA llll ++=+

ll k
)1(

k d2A =

k,mm,mkmk
)2(

k vd2vd2d2A llll
& ++=

ll dxdxA)ds(
dt
d

k
)n(

k
2

n

n

=
ME 639-Turbulence G. Ahmadi

k,kJvJ
dt
d

= JdVdv =

dvvdv
dt
d

k,k=

ME 639-Turbulence G. Ahmadi

∫∫∫∫∫∫∫∫ ⋅+
∂
∂

=
svv

fdv
t
ffdv

dt
d dsv

∫∫∫∫∫∫∫∫∫ +==
VVv

dV)
dt
dJfJ

dt
df(JdVf

dt
dfdv

dt
d

∫∫∫∫∫∫∫∫∫ +=+=
v

k,k
V

k,k
v

dv)fvf(JdV)fv
dt
df(fdv

dt
d &

∫∫∫∫∫∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

=
v

k
kv

dv)fv(
xt

ffdv
dt
d

ProofProof

ME 639-Turbulence G. Ahmadi

Spin TensorsSpin Tensors

Vorticity VectorVorticity Vector
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