Clarkson

University

Review of Engineering Mathematics

Special Functions

Unit step function

u(t—to)z{l tZtO} 4 U(t5)

0 t<t,

Delta Function

Dirac delta function is defined as
8(t'to)
du(t—t,) +

6(t_to): dt

Note that
[t —to)dt=[""8(t—t,)dt =1

0~ ¢

Also

[ THp(t—to)dt = tf (t)8(t—t, )dt = f(t,)

J:twf(tl)S(tl —t,)dt, =F(t,)u(t—t,)
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Sha—%ﬂziﬁa—%) for  a=0

g

Error Function

erf(x)= %joxe“zdt , erfe(x)=1-erf(x)= %r e Udt

X

erf(0)=0=erfc(w), erf(-x)=—erf(x)

Fourier Transform

Define Fourier Transform (Exponential)
F((D) = J.:rooefimx’f (X’)dX'
The inverse transform is

f(x)= 1 Ve f(o)do
2w

The above two equations are a Fourier Exponential Transform Pair.

f.(0)= J:o cosox'f(x')dx’
2ee o

f(x)== ] cosoxf,(w)dw
70 90

Applications to Differential Equations

Fourier Exponential Transform of derivatives

S{ﬂ} = f:e““’x d];l(x)dx = iof (o)

X

dx
| e = orflo). 35 (o) (o)

Example: Find f that satisfies the following differential equation:



d’f _df

d7+ad—x+ bf :S(X—XO)

Take Fourier Exponential Transform
— 0*f(w)+aiof (o) + bf (o) =e

—imXg

z (S
flo)=————
(co) b—w® +iam

oo io(x—Xg)
f(x)=— [ do

2n=h -0’ +iaw

— 0 < X< +400
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Table of Fourier Exponential Transform Pair

f(w)= J‘jwe""’xf (x)dx

f(x)=

21—

+

“glx f(o)do

Ly

f(x)

f(o)

f,(x)e™" flo+ao,)
fi(x+%,) e f(o)
(0%, 00)= [ R (E), (x - &) f(0)f, (o)
3(x —x,) i
e"" 213(o — ;)
e 20
o’ +o
COS myX 7[8(w— 0, )+ 8( + @, )]
e ¥ cospx 2a(c02 +o?+ [32)

((02 —B* - ocz)2 + 40’0’

e {cos BX + %sin B|x|}

4oc(oc2+BZ)
( 2—[32—(12)2+40Lz(02

2,,2
e cospx

T

i

200 2 (xz
e—oczx2 \/E (,02
?exp{ 4a2}
d’ (o)
)
2 a(x)

2
o O
0 elsewhere




Probability and Random Processes
In this section, capital letters identifies a random variable and lower case letters
are used for coordinate systems.
Distribution Function
The distribution function
of a random variable Y is R Fy(y)

defined as the probability
that {Y <y}. Thatis

R (y)=P{Y <y}

It then follows that
F,(y) is monotonically y
increasing function and

0<F,(y)<1.

Density Function

The probability density 4 YY)
function is defined as

Properties:

=1=[Tf, 0y, Pl <Ysyol= [ (dy = R(v)-R()

Expected Value

E{Y}=Y =] yf,(yldy

Ef(Y)}=a(Y)=a(y)y(y)



Variance

ot =E[Y-Yf|=Ely?]- ¥’

Stochastic Process

Ensembles of random functions of time (or space) are referred to as stochastic
processes. For fixed time, a stochastic process becomes a random variable. Every
sample of a stochastic process is a time function.

X

J\xvﬁ |
\V W/

Statistics of a stochastic process may be evaluated similar to those of a random variable.
For example, the mean value is given as

E{X(t)}= f:xfx (x,t)dx

Time Average

Time averaging over an interval (0,T) is defined as

Autocorrelation

The autocorrelation of a random process is defined as

R, (t)= E{X(t+)X(t)} = % [ X(t+oX(t)t
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where t is the time difference, an it is assumed that X(t) is a stationary random process.
Note that

R, (0)=EX(}=X(t)

Energy Spectrum

Su(0)=[ e R, (t)dr

Ru(t) = 65, (oo

It may be shown that

~

Sxx(m)zé‘)z(oar, X(o)= e X (i

Linear Systems

Consider a linear system with impulse response h(t) and a system function H(w)
for X(0)=0 as shown schematically in the figure.

f(l) m— h (t) — X(1)
H(w)
The solution then is given as
X(t)= Ioth(t —1)f(t)de

where

More generally,

X(t)= [ "h(t—)f (c)de = h(t)*f(t)
Taking Fourier Transform H(w)= f:e’i"’th(t)dt
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For

X + 2CoX + opx = f(t),

h(t):ie‘q‘”“sin o, t ®y = 01— ¢’

Oy



Useful Integrals

jeaXP(x)dx _& {P(x)—iP’(x)+ iz P"(x)- %P”’(x)..}

a a a

™ (asin bx —bcosbx)
a®+b?

J.eax sin bxdx =

™ (acosbx + bsinbx)
a’ +b?

J.eax coshxdx =

sinax — ax cosax

a_2

jxsinaxdx=

cosax + axsinax

a.2

jx cosaxdx =

J'Inaxdx:xlnax—x

2 XZ

.[xlnaxdx :X—Inax——
2 4

axcoshax —sinhax

Ixsinhaxdx: 5
a
axsinhax —coshax
_[xcoshaxdx: 5
a
J o =£tan‘1[5j, | o =£tanh‘1[5j=i|nx_a
a“+X a a a‘—x a a 2a X+a

e == (3)

J‘%=|H(X+\/Xz iaz)

'[eaxxdx _€ [x —EJ
a a




Clarkson

University

Vector ldentities
V-Vxii=0 Vx(Vg)=0

VxVxli=V(V-0)-Vi

Divergence Theorem

jvv-udV=jsa -ds

10



